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Abstract. This paper deals with complex structures on Lie algebras t) = t) 1/, 
where tt is either the adjoint or the coadjoint representation. The main topic is the 
existence question of complex structures on Tn f) for f) a three dimensional real Lie 
algebra. First it was proposed the study of complex structures J satisfying the constrain 
Ji) = V. Whenever n is the adjoint representation this kind of complex structures are 
associated to non singular derivations of t). This fact derives different kind of applications. 
Finally an approach to the pseudo Kahler geometry was done. 



1. Introduction 

While the existence of complex structures on reductive Lie algebras of even dimension 
was solved in different steps (starting with [Smj and | Waj ) . the solvable case remains an 
open problem. For dimensions up to four, complex structures were studied in [SaHISJilO] : 
in dimension six the classification and induced complex geometry has been considered in 
the nilpotent case in pFGUTl ICFGU2[ ICFUl iFPSl iGRl iMgl ED [Ugj . Since those works 



are mainly done on the basis of a case by case study, one of the principal obstructions 
in classifying complex (and more general) structures on solvable Lie groups of dimensions 
equal or greater than six relies in the high number of isomorphism classes. This implies 
that different criteria have to be developed in order to describe any kind of geometry 
on Lie groups. One of these is the notion of generalized complex structure, introduced 
by Hitchin in [Hij and treated by various authors (see for instance [ ABDFl \CG\ [G] and 
references therein). On the other hand, in order to study the complex geometry, special 
types of complex structures were considered, the so called abelian |BDM| and nilpotent 
|CFGUl| ICFGU2] . specific for nilpotent Lie algebras, and which have been shown to be 
of considerable interest, in particular in combination with other compatible geometric 
structures. 

The aim of this work is the study of complex structures on tangent and cotangent Lie 
algebras, that is Lie algebras which are semidirect products T^ f) = f} y, for diml/ = [), 
originally for vr the adjoint or the coadjoint representation. We focus in the following 
existence questions: 

i) complex structures satisfying the condition Jf} = V, 

ii) complex structures on T f) and T* [) where f) is a three dimensional real Lie algebra. 



Date: 17/2/2009. 

2000 Mathematics Subject Classification. Primary: 53C15. Secondary: 53C55, 22E25 . 
R.G.S. was partially supported by the research projects MTM2006-09152 of the M.E.C. and GCG07- 
UCM/ESP-2922 of the C.M.. 

G.O. was partially supported by CONICET, ANPCyT, SECyT-UNC, SCyT-UNR. 
Keywords: Complex structure, totally real, solvable Lie algebra, pseudo Kahler metric. 

1 



2 



RUTWIG CAMPOAMOR-STURSBERG AND GABRIELA P. OVANDO 



iii) symplectic structures which are compatible for a complex structure in ii), therefore 
inducing pseudo Kahler geometries. 

Complex structures appearing in i) are called totally real. They have become objects of 
importance in the construction of weak mirror pairs (see for instance [CLPj and references 
therein). 

Complex and symplectic geometry are extremal special cases of generalized complex ge- 
ometry. Once a Lie algebra f) was fixed, the corresponding underlying geometric structure 
arises either as a complex structure on f) or as a totally real complex structure on T* f), 
which is Hermitian for the canonical metric on T* f). 

For the adjoint representation we prove that a totally real complex structure corresponds 
to a non singular derivation of f). Therefore the existence of such a totally real complex 
structure on T P) imposes the condition on t) to be nilpotent (Theorem ()3.5p ). In dimension 
three only T P)i, where f)i denotes the Heisenberg Lie algebra of dimension three, posseses 
a totally real complex structure. As application one proves the existence of a generalized 
complex structure of symplectic type on some kind of nilpotent Lie algebras f) and the 
existence of lagrangian symplectic structures on T* f) . 

For the coadjoint representation, we give the general form of totally real complex struc- 
tures J on T* f) , proving the existence when f) is one of the following three dimensional Lie 
algebras: the Heisenberg Lie algebra, the Lie algebra of the group of rigid motions of the 
Minkowski 2-space ta^-i, the Lie algebra of the group of rigid motions of the Euclidean 
2-space r3 q and the one dimensional trivial central extension of the Lie algebra of the 
group of affine motions, usually denoted as aff(M). 

In addition to the Lie algebras obtained in i) the six dimensional tangent Lie algebras 
admitting complex structures correspond to a Lie algebra f) which is either simple: s[(2), 
so (3) or solvable and isomorphic to M x aff(M). In the cotangent case we add s((2), so (3) 
ta^i and t'^ ^^ for > 0. 

Concerning iii) we study the geometry that derives from the Kahler pairs. The only Lie 
algebras carrying such a structure are: the tangent and the cotangent of the Heisenberg 
Lie algebra and the tangent of M x aff(M). The study in the nilpotent case says that there 
are flat and non flat pseudo Kahler metrics, result which extends those in [CFUj . Again 
in this case totally real complex structures provide examples for Kahler pairs. 

The second author expresses her gratitude to the hospitality of the Departmento de 
Geometn'a y Topologi'a of the Universidad Complutense de Madrid, where part of this 
work was written. 

2. Generalities on Complex structures 

An almost complex structure on a Lie algebra q is an endomorphism J : q ^ q satisfying 
= —I, where I is the identity map. 

Let g*^ = g (8) C denote the complexification of g whose elements have the form f ® c, 
with f € 0, c G C. An almost complex structure J on g can be extended to a complex 
linear endomorphism of g^ that we also denote by J, by setting J{v c) = Jv ^ c. 

As usual, we identify f € g, with v0l € g*^, and hence any element in g*^ can be written 
as X + iy where x,y € q. With this identification, the eigenspace corresponding to the 
imaginary eigenvalue i of J is the subspace m of g*^ given by 



m = {x — iJx : x G g}. 
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If we denote by a the conjugation map on g , that is, a{x + iy) = x — iy, the eigenspace 
corresponding to —i is am, and we obtain the direct sum of vector spaces 

(1) = m © am. 

Conversely any decomposition of type induces an almost complex structure on q. In 
fact if X € C and x can be written uniquely asx = u + v^m(B crm define an 
endomorphism J by Jx = iu — iv. Since a o J = J o a, the map J gives rise to an almost 
complex structure on 0. 

The integrability condition of an almost complex structure J is expressed in terms of 
the Nijenhuis tensor Nj 

(2) Nj{x,y) = [Jx,Jy]-[x,y]- J[Jx,y]- J[x,Jy], forallx,yG0. 

It is straightforward to verify that Nj{Jx, Jy) = —Nj{x,y) for any x,y £ q. Hence, if 
= u © Ju is a direct sum as vector subspaces, then Nj = if and only if Nj{u, v) = = 
Nj{u, Jv) for all u,v £ u. 

An almost complex structure J on is called integrable if Nj = 0. In this case J is 
called a complex structure on 0. Equivalently, J is integrable if and only if m (and hence 
crm) satisfying ([1]) is a complex subalgebra of 0^ . 

Special types of almost complex structures are determined by those endomorphisms 
J : — > satisfying = —1 and one of the following conditions for any x,y £ q: 

cl) J[x,y] = [x,Jy] c2) [Jx,Jy] = [x,y]. 

In any case they are integrable. Complex structures of type cl) determine a structure 
of complex Lie algebra on 0, they are sometimes called bi-invariant. The subalgebra 
corresponding to the eigenvalue ±i is actually an ideal of 0^. Structures of type c2) 
are called abelian, and the corresponding eigenspaces for the eigenvalues ±i are complex 
abelian subalgebras of 0^. It should be remarked that not any Lie algebra admitting 
a complex structure can be endowed with an abelian complex structure, as shows the 
following example. 

Example 2.1. Let [)i be the Heisenberg Lie algebra of dimension three and let T* [)i denote 
the cotangent Lie algebra of This is spanned by the vectors ei, 62, 63, 64, 65, cq with the 
non trivial Lie bracket relations 

[61,62] =63, [ei,66] = -e5, [62,66] = 64. 

Assume J : T* f)i — > T* f)i is an endomorphism satisfying [Jx, Jy] = [x, y] or, in equivalent 
form, [Jx,y] = —[x,Jy] for all x,y € g. If y belongs to the center of T*[}i, by c2) one 
has that Jy € 3(T* [}i), thus J restricts to the center 3(T* f)i), and therefore J cannot be 
almost complex since the dimension of 3(T* f)i) is odd. To see that T* t)i admits a complex 
structure see ()4.12p . 

As proved in the previous example, if carries an abelian complex structure, then 
the center of must be J-invariant and therefore even dimensional. Another necessary 
condition to have abelian complex structures is that is 2-step solvable, which means 
that the commutator subalgebra C{q) is abelian (see [P] for instance). For the sake of 
completeness we include here a proof. 

Let be a Lie algebra with a decomposition as direct sum of vector subspaces = a© b, 
where a and b are abelian subalgebras. Denote [a, b'] = a* + b" and [a', b] = a" + 6*, with 
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a, a', a", a* e a and b, b', b", b* £ b 
[[a,b],[a',b']] 



One has 



[[[a,b],a'],b']-[[[a,b],b'],a'] 
-[[[b,a'],a],b'] + [[[b',a],b],a'] 



(3) 



[[b*,a],b']-[[a*,b],a'] 
-[[a,b'],b*] + [[b,a'],a*] 
-[a*,b*] - [b*,a*] = 0, 



which proves that the Lie bracket on C{q) is trivial. 

Let be a Lie algebra and let J be a fixed almost complex structure on g. For any 
/ > we define the set a; (J) inductively as: 



For a fixed X G Oj+i(J) we have that [X, Y] G aj(J) C ai+i(J) for all Y £ g, and clearly 
[J[X, y],Z] G Oj(J) C ai+i(J) for all Y, Z £ g. Therefore Oj(J) is a J-invariant ideal of g 
for any i > 0. 

The almost complex structure J is called nilpotent if there exists a t such that at (J) = g. 
This implies that g must be nilpotent. For a nilpotent almost complex structure J on a 
s-step nilpotent Lie algebra of even dimension we shall say that it is r-step nilpotent if r 
is the first nonnegative integer such that ar{J) = g; this satisfies the inequality s < r < n 
|CFGU2] ■ In the following sections examples are given that show that these bounds are 
actually reached (see (I4.12P and (j4.5[) ). Notice that if J is a nilpotent almost complex 
structure on a nilpotent Lie algebra g, then any term of the ascending series of g admits 
a two dimensional J-invariant subspace. Clearly, if J is integrable, the condition of being 
nilpotent is stronger than asking the corresponding m for J to be nilpotent. 

Notice ai(J) C 3(g). If J is abelian then the equality holds ai(J) = 3(g). 

Example 2.2. The canonical complex structure of a nilpotent complex Lie algebra is nilpo- 
tent (see (lOl ). 

An equivalence relation is defined among Lie algebras with complex structures. Lie 
algebras with complex structures (gi, Ji) and (g2, J2) are called holomorphically equivalent 
if there exists an isomorphism of Lie algebras a : gi — >■ g2 such that J2 o a = a o Ji. In 
particular when gi = g2 we simply say that Ji and J2 are equivalent and a classification 
of complex structures can be done. 

Lemma 2.3. Let g be an even dimensional real Lie algebra. 

i) The class of an abelian complex structure, if non-empty, consists only of abelian 
complex structures. 

ii) Let J, J' be complex structures on g such that J' = aJa^^. Then aai{J) = ai{J') 
for any I > 0. 

In particular the class of a nilpotent complex structure on a given nilpotent Lie algebra 
consists only of nilpotent complex structures, all of them being nilpotent of the same type. 

Hi) The class of a bi-invariant complex structure has only bi-invariant complex struc- 
tures. 

Proof, i) Let J an abelian complex structure on g. If J' = aJa^^, the result follows using 
that a is an automorphism and J is abelian. 




{X eg, / [X, g] C a;^i and [JX, g] C a;_i} I > 1. 



00 (J) 



^ ai(J) C a2(J) C 
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ii) For i = it is clear that aao{J) = ao(J'). Assume that crai{J) = ai{J') for ah / < i. 
Let X € Oi+i(J). It follows at once that the following identity is satisfied 

[aX,Q] = [aX,aQ] = a[X,g] G aa^{J) = ai{J'). 

On the other hand, 

[J'aX,Q] = [aJX,g] = a[JX,g] € aOi(J) = a,(J')- 

Therefore (Taj+i(J) C aj+i(J'). A similar argument, interchanging the roles of J and J', 
proves that aai{J) = a,, (J'). 

iii) follows by direct application of the definitions. □ 

Remark. From the definitions above it is not immediately clear which is the relation- 
ship between nilpotent complex structures and complex structures whose corresponding 
i-eigenspace m is nilpotent. In ()4.5p we show that the tangent Lie algebra of the Heisen- 
berg Lie algebra [)i carries only 2-step nilpotent complex structures, some of them being 
abelian, and others having ±i-eigenspaces which are 2-step nilpotent subalgebras. 

3. Totally real complex structures on tangent and cotangent Lie 

algebras 

The aim of this section is the study of totally real complex structures on tangent and 
cotangent Lie algebras, that is complex structures J on T^ f) such that Jf) = V. 

We briefly recall the construction. Let f) denote a real Lie algebra and let (tt, V) be 
a finite dimensional representation of f). By endowing V with the trivial Lie bracket, 
consider the semidirect product of f) and V relative to vr, Tt^ f) := f) Xjr V, where the Lie 
bracket is: 

[{x, v), (x' , v')] = {[x, x'],7r{x)v' — ■k{x')v) x, x' G f), v, v' G V. 

In this work we focus on the the adjoint and the coadjoint representations. In both cases 
y is a real vector space with the same dimension as that of f). The adjoint representation 
ad : f) — > is given by ad{x)y = [x,y], and it defines the tangent Lie algebra that we 
denote with T f) . 

For the coadjoint representation ad* : [) 0^^*)) that is V = I)* , and 

(4) ad{x)*ip{y) = —if o ad(x)y for x, y G [), (/9 G f)*; 

we call the resulting Lie algebra cotangent Lie algebra and we denote it as T* f). 

A question concerning complex structures when we look at the algebraic structure of 
the Lie algebra T^ \] = ^ k^V is whether there exists an almost complex structure J such 
that Jf) = V . Such a J induces a linear isomorphism j ■.\) ^ V , and conversely any such 
j '■ ^ ^ V determines an almost complex structure on Tt^ f) such that Jf) = V , by means 
of 

(5) J{x,v) = {-r^v,jx) X G fi,t; G y, j : f) ^ y. 

It follows that both \) and V are totally real with respect to J. We adopt the next 
terminology, following |CLPj . 

Definition 3.1. Let Tt^ :=\) k^^V be the semidirect product of a Lie algebra f) with 
the real vector space V such that dimF = dimf) and let J denote an (almost) complex 
structure on T^ \). If Jf) = ^ we say that J is a totally real (almost) complex structure on 
0- 
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Assume (tt, V) denotes a finite dimensional representation of f) and let J be a totally 
real almost complex structure on Tjr f) = x tt like in dH). In this case, the integrability 
condition for J reduces to 

(6) = [x, y] - + for all x, y G f). 

Fix a Lie algebra f), recall that the representations (VjTt) and (y',7r') are called equiv- 
alent if there is a linear isomorphism T : V V such that T^^tt' {x)T = Tr{x) for all 
X ei). 

Actually for any tp £ Aut{\;)), the map 99 : f) ^ T^r' f) given by 99 = -0 + T is a Lie 
algebra isomorphism. In fact for all x,y € f], u,v € V 

if[x + u,y + v] = (p{[x,y] + 7r{x)v - 7r{y)u) 

= tp[x,y] + TTr{x)v — TTr{y)u 

= [tjjx, jpy] + Tr'{x)Tv — Tr'{y)Tu 

= [ip{x + u),ip{y + v)] 

And therefore if J denote a complex structure on f) then J' := ip o J o ip~^ denotes a 
complex structure on T^r/ f) making of (Tt^ f), J) and (T^/ 1), J') a pair of holomorphically 
equivalent Lie algebras. 

In particular if J is a totally real complex structure on f), then (T^ is holomor- 
phically equivalent to (T^/ f), J) where : f) — > V is J = T o J^^ and extended as in 
([5|) . The proof of the following result follows by using these relations and the integrability 
condition 

Proposition 3.2. Let (V^, vr) and (V' ^tt') he equivalent representations of a Lie algebra 
f) such that dim V = dim V' = dim f) . Complex structures on f) are in one to one 
correspondence with complex structures on Tj^' f). 

Ln particular, totally real complex structures on T^^ f) are homomorphically equivalent to 
totally real complex structures on T^r' f). 

A first consequence of ([6]) concerns abelian complex structures. 

Corollary 3.3. Let I) be a Lie algebra and let V denote the underlying vector space of 
f). Let [) := f) y denote the semidirect product and let J be an abelian totally real 
complex structure onTj^t). Then f) is abelian and vr and J are related by 7r(x) Jy = 7r(y) Jx 
for all x,y G t). 

Remark. The converse of the previous corollary is true. Let denote an abelian Lie algebra 
and let vr be a representation of f) into f). Then if j : P) — >• [) is a non singular map such that 
'^{x)jy = TT{y)jx for all x,y € f), then the almost complex structure on [) 1X7^ f) given as 
in ([5]) is integrable and totally real with respect to f). See the final section for an explicit 
example. 

Example 3.4. Consider with the canonical basis {ei,e2,... ,en} and let ^ be a non 
singular nxn real matrix. Let Ca_ denote the centralizer of A in gl{n, R) that is, the set of 
n X n matrices B such that BA = AB. Let Bi, B2, ■ ■ ■ , Bn be n matrices in Ca such that 
they are pairwise in involution, BiBj = BjBi for all i,j. Take vr the representation of M"" 
which extends linearly the mapping Cj Bi (notice that this could be trivial depending 
on A). The map j represented by A amounts to a totally real abelian complex structure 
on T^M". 
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When TT is the adjoint representation, the solutions of ([6]) have an algebraic interpreta- 
tion as it will be seen next. Recall first that a derivation of a Lie algebra f) is a linear map 
d : i) ^ \r) such that 

d[x, y] = [dx, y] + [x, dy] for all x,y £ I). 

Jacobson proved that if a Lie algebra f) admits a non singular derivation then it must 
be nilpotent pa|. 

Theorem 3.5. Let Tf) denote the tangent Lie algebra of\). The set of totally real complex 
structures on T [) is in one to one correspondence with the set of non singular derivations 
of\]. If one (and therefore both) of these sets is non empty, then f) is nilpotent. 

Proof. Let ad denote the adjoint representation of f). The integrability condition ([6]) 
becomes 

= j[x, y] — ad{x)jy + ad{y)jx for all x,y € i). 

This shows, via identifications, that the complex structure J determined by j ([5]) corre- 
sponds to a non singular derivation of f). The proof is completed after the application of 
the result of Jacobson. □ 

Example 3.6. Let i)i denote the Heisenberg Lie algebra of dimension three (see 13. 7p . By 
Lemma ()3.5p if J is a totally real complex structure on T then it corresponds to a non 
singular derivation of Any non singular derivation of [)i has a matrix representation 
in the basis of (|3.7p given by: 

'A 



tr{A)l' with ^ G GL(2,M) and tr(A) / 

where tr denotes the trace of the matrix A. 

More generally any non singular derivation d of the Heisenberg Lie algebra f)„ of di- 
mension 2n + 1, has a matrix representation as above with A G GL(2n,R) and tr{A) ^ 0. 
This induces a totally real complex structure J on the tangent Lie algebra T f)„ . 

3.1. Totally real complex structures on six dimensional cotangent Lie algebras. 

We now proceed to analyze the existence of totally real complex structures on six di- 
mensional cotangent Lie algebras T* f). To this extend, recall the classification of three 
dimensional Lie algebras as given e.g. in [GOV] or [Mi]. 

Theorem 3.7. Let [) be a real Lie algebra of dimension three spanned by 61,62,63. Then 
it is isomorphic to one and only one in the following list: 



(7) 



A Lie algebra q which satisfies tr(ad(x)) = for all x G g is called unimodular. Among 
the Lie algebras above, the unimodular ones are: and r3o- The Lie algebra f)i is 

known as the Heisenberg Lie algebra, while t3,-i is the Lie algebra of the group of rigid 
motions of the Minkowski 2-space and tg q corresponds to the Lie algebra of the group of 
rigid motions of the Euclidean 2-space. The Lie algebra x^^q denotes the central extension 
of the Lie algebra of the group of affine motions in R, usually denoted as aff(R). 





[ei: 


62] 


= 63 










[ei: 


62] 


= 62, 


[61,63] = 


62 + 63 




t3,A 


[ei, 


62] 


= 62, 


[61,63] = 


A63 


|A|<1 




[ei, 


62] 


= ^62 


- 63, [61 


, 63] = 62 + r]e3 


r? > 


Bl(2) 


[ei: 


62] 


= 63, 


[63,61] = 


261, [63,62] = -262 




so(3) 


[ei: 


62] 


= 63, 


[63,61] = 


62, [63,62] = -61 
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Proposition 3.8. Let T* \r) = i) t< [}* be a cotangent Lie algebra of a three dimensional 
Lie algebra t). Then totally real complex structures on T* f) exist whenever t) is either 
unimodular or isomorphic to M x aff(M). In those cases the map j : \] ^ \]* admits a 
matrix representation as follows 

I 041 042 

T* f}i 053 I ; T* r3 -1 



041 


042 


043 \ 


051 


052 


053 


-043 


-053 




/ 041 


042 


043 ^ 


, -042 








V 061 





063^ 



/ 041 


042 


043 


-042 





053 


\-043 


-053 





' 041 


042 


043 \ 


-042 





053 


-043 


-053 


/ 



T*r3,o I -042 I ; T* r^j^o 
where the matrix should be non singular. 

Proof. The proof follows by direct computation of ^ taking tt as the coadjoint repre- 
sentation. In the cases not listed above, the maps j solving ([6]) are singular, hence they 
cannot induce a complex structure on T* f). □ 

Example 3.9. Let s denote a semisimple Lie algebra. Since the Killing form is non de- 
generate this induces an ad- invariant metric on s. Therefore the adjoint and coadjoint 
representation are equivalent. By (j3.2p the existence of totally real complex structures on 
T*s reduces to the existence of totally real complex structures on Ts and this cannot ad- 
mit a totally real complex structure by (jS.Sp . Observe that in dimension three the simple 
Lie algebras are s[(2) and so(3) (see (|3.7p ). 



4. COMPLEX STRUCTURES ON TANGENT AND COTANGENT LlE ALGEBRAS OF 

DIMENSION SIX 

Examples of six dimensional real Lie algebras with complex structures arise from three 
dimensional complex Lie algebras. In fact let q denote a three dimensional complex Lie 
algebra, then the underlying real Lie algebra q := g^, is naturally equipped with a bi- 
invariant complex structure induced by the multiplication by i on g. In this way this 
complex structure on q is bi-invariant. 

Example 4.1. Let q denote a six dimensional two-step nilpotent Lie algebra equipped with 
bi-invariant complex structure J. We shall see that g is isomorphic to the real Lie algebra 
underlying [)i ® C, the complexification of the Heisenberg Lie algebra of dimension three. 

Since J o ad(x) = ad(x) o J for any x € g, we obtain the inclusions J^{g) C 3(g) and 
JC(g) C C(g). Furthermore, there is a central ideal D ^ 3(g) such that 

3(g) = C(g) X direct sum of J-invariant Lie algebras. 

A way to produce such a D is the following. Take ( , ) an inner product on 3(g) which 
is Hermitian for J and let t) = C(g)^. 

Thus g = X n where n is a two-step nilpotent Lie algebra such that C(g) = C(n) = 3(n) 
and n is equipped with a bi-invariant complex structure J, induced from that one on g. 
Now if D is non empty then it may be two or four dimensional. If it is two dimensional, 
then n is four dimensional and is equipped with a bi-invariant complex structure, therefore 
it must be abelian (in dimension four a solvable Lie algebra endowed with a bi-invariant 
complex structure is either abelian or isomorphic to aff(C), see |02| for instance). A 
similar reasoning applies when D has dimension four, and therefore 3(g) = C(g). 
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Now let z S 3(0) = C(0). Then there exist x,y G g such that = z. The set 

{x, y, z) is Unearly independent and the set {x, y, z, Jx, Jy, Jz} is a basis of g. Due to the 
bi-invariance condition on J one has the fohowing Lie bracket relations 

\x,y\=z [Jx,y\ = Jz [x,Jy] = Jz [Jx,Jy] = -z 

moreover [x, Jx] = = [y, Jy], and therefore the Lie algebra g is isomorphic to the real 
Lie algebra of dimension six underlying f)i (8) C. 

In the previous section we gave examples of complex structures in tangent and cotangent 
Lie algebras of dimension six. Now we shall study the existence problem of complex 
structures on any tangent or cotangent Lie algebra corresponding to a three dimensional 
real Lie algebra as in (|3.7p . Some considerations about abelian and nilpotent complex 
structures are also be given. 

The simple case. Among the Lie algebras listed in i\3.7\} the simple ones are sl(2) 
and so (3). Since the Killing form is non degenerate in both cases, the adjoint and the 
coadjoint representations are equivalent. After (j3.2p for a semisimple Lie algebra s, the 
existence of complex structures on T s determines one on T* s and viceversa. Recall that 
complex structures on compact semisimple and more generally on reductive Lie algebras 
were extended studied (see for instance |Smj |Waj |Salj |Sa2j [SDj ). We perform below a 
construction of a complex structure on Ts[(2) and T5o(3). Explicitly the Lie brackets are 
given by: 



Ts[(2) 


[ei, 


62] 


= 63 


[63, 


61] 


= 2ei 


[63, 


62] 


= -262 




[ei, 


e,] 


= 66 


[61, 


66] 


= -264 


[62, 


64] 


= -66 




[e2, 


ee] 


= 265 


[63, 


64] 


= 264 


[63, 


65] 


= -265 


Tso(3) 


[ei, 


62] 


= 63 


[63, 


61] 


= 62 


[63, 


62] 


= -61 




[ei, 




= -66 


[61, 


66] 


= 65 


[62, 


64] 


= -66 




[e2, 




= 64 


[63, 


64] 


= -65 


[63, 


65] 


= 64 



In any case an almost complex structure J can be defined by 

•^63= 66 J62 = 61 J64 = 65. 

By calculating Nj one verifies that J is integrable. Hence 

The tangent Lie algebras T 5o{3) andTs[(2) (and therefore T* so{3) and T* 5i{2) ) carry 
complex structures 

The solvable case. Suppose that g is a six dimensional tangent T or cotangent Lie 
algebra T* f) being f) a solvable real Lie algebra of dimension three. It admits a complex 
structure if and only if decomposes as a direct sum of vector subspaces g*^ = m © am, 
where m (resp. fim) is a complex subalgebra. Without lost of generality assume that m is 
spanned by vectors U, V, W as follows: 

(8) U = ei + a262 + 0363 + 0464 + 0565 + 0666 V = 6262 + ^363 + ^464 + ^565 + ^666, 

W = C262 + C363 + C464 + C565 + C666, Oi, bj,Ck G C, Vi, j, A; = 2, ... 6. 

Let a := span{V,W}. We claim that is a ideal in m. In fact, according to the Lie 
brackets in g (see (14. 2p and (14. 8p below), one verifies that U ^ C'(g), hence for any 
x,y £ m, [x,y] G C(m) C a. Thus m = CU x 0, being a a ideal of m of dimension two 
and therefore isomorphic either to i) or to ii) off(M), the two dimensional complex Lie 
algebra spanned by vector X, Y with [X, Y] = Y. We may assume in the last situation 
that V, W satisfy the Lie bracket relation [V, W] = W. 
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In case m = CU k C^, the action of U on a admits a basis whose matrix is one of the 
following ones 

(9) (1) (o °), (2) uGC. 

In case m = CU x aff(K) the action of [/ on a is a derivation of aff(M) thus over the 
basis {y, Ty} we have a matrix 

a,b£C 

By making use of this we shall derive the existence or non existence of complex structures 
on any tangent or cotangent Lie algebra corresponding to a three dimensional solvable real 
Lie algebra. 

4.1. Complex structures on six dimensional tangent Lie algebras, H denotes a 
Lie group, its tangent bundle TH is identified with Hxt), which inherits a natural Lie group 
structure as the semidirect product under the adjoint representation. Its Lie algebra, the 
tangent Lie algebra T f), is the semidirect product via the adjoint representation f) Xad ^, 
where V is the underying vector space to equipped with the trivial Lie bracket. 

Proposition 4.2. Let \r) be a solvable real Lie algebra of dimension three and let T [) denote 
the tangent Lie algebra spanned by 61,62,63,64,65,66. Then the non zero Lie brackets are 
presented in the following list: 



Tf)i : 


[ei: 


62] 


= 63, [61,65] = 


66, [62,64] = -66 


Tr3 : 


[ei: 


62] 


= 62, [61,63] = 


62 + 63, 




[ei: 


65] 


= 65, [61,66] = 


65 + 66, [62, 64] = -65, [63, 64] = -65 - 


Tr3,A : 


[ei: 


62] 


= 62, [61,63] = 


Ae3 


|A|<1 


[ei: 


65] 


= 65, [61,66] = 


Ae6, [62,64] = -65, [63,64] = -A66 




[ei, 


62] 


= :^62 - 63, [ei 


, 63] = 62 + ??63, [ei, 65] = r/65 - 66, 


7/ > 


[ei, 


ee] 


= 65 + ??66, [62 


, 64] = -7765 + 66, [63, 64] = -65 - 7?66 



Theorem 4.3. Let f} denote a three dimensional Lie algebra, then T f) admits a complex 
structure if and only if\) is either isomorphic to \]i or M x aff(]R). 

The proof can be derived from the next paragraphs. 

Lemma 4.4. If m is a complex subalgebra o/Tf) being i) a three dimensional solvable real 
Lie algebra such that T f}*^ = m am then m ~ C x C^. 

Proof. According to the previous paragraphs it should hold m~CxC^orm~Cx aff(M). 
We shall prove that the last situation is not possible. In fact, from the Lie brackets above 
(j4.2p we see that [V, W] G span{e5, cq} so that C2 = = C3 = C4. But by computing one 
has [V, W] = implying W = and therefore no complex structure can be derived from 
this situation. □ 

With the previous Lemma it follows to analyze next the existence of complex structures 
attached to complex Lie subalgebras m such that m ~ C x C^. 

We already know that the tangent Lie algebra of the three dimensional Heisenberg 
Lie algebra Tfji, admits complex structures, moreover totally real ones. Recall that any 
totally real complex structure on T [)i corresponds to a non singular derivation of {)i (13. 6p . 
No one of these complex structures is abelian. However T f)i can be equipped with abelian 
complex structures as we show below. 



(10) 





a b 
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Let m be a complex subalgebra of Tf)i spanned by vectors U,V,W as in The 
subspace o = span{V, W} is a ideal of m and m = CU x a. Since T tji is nilpotent, a is 
abelian and the action of U on a is of type ([9]) and moreover case 1) holds for = = 
while case 2) holds for = 0. Case 1) gives rise to abelian complex structures, while case 
2) corresponds to non abelian ones. 

Computing the Lie brackets [F, TV], [U,V] and [[/, VF], and imposing these brackets to 
be zero, we get 

U = ei + 0262 + 0363 + 0464 + 0565 + a^ee, 

V = ^363 + ^464 - 02^465 + ^666, W = 0363 + 0464 - 020465 + CqCq. 

If the set {U, V, W, all, aV, aW} spans a basis of (T fji)*^, the tangent algebra T f)i carries 
an abelian complex structure J. For instance the linear homomorphism J given by 

(11) Jei = e2 JeQ = e3 Je4 = 65, 

and such that = —I defines a abelian complex structure on Tf)i. After Mg there is 
only one class among abelian complex structures. 

Any abelian complex structure is 2-step nilpotent. In fact, since J is abelian ai{J) = 
3(T[)i) and clearly the condition C(T[)i) = i{Ti)i) shows that a2(J) = Tf)i. 

On the other hand the following set of vectors on T f)'!' is a basis of the complex subal- 
gebra m corresponding to a totally real complex structure on T[)i: 

61-^(064 + 665 + 666); 62 - i(c64 + (i65 + /ee), e3-i{a + d)eQ 

with a,b,c,d,e,f G M, a + d 7^ and ad — bc^ 0. They induce non abelian complex struc- 
tures, and furthermore there are more non abelian complex structures than the totally real 
ones. Let m be a complex subalgebra of (T P)i)^ spanned by U, V, W as in ([8]). Requiring 
that [U, V] = = [V, W] and [U, W] = V we deduce that any complex subalgebra m of 
(Tf)!)*^ spanned by 

[/ = 61 + 0262 + 0363 + 0464 + 0565 + O666, 

V = C263 + (C5 - 0264 + 0462)66 W = C262 + C363 + C464 + 6565 + 6666, 

and such that U,V,W,aU,aV,aW is a basis of (Tf)i)^, induces a non abelian complex 
structure on T f)i. 

The class of non abelian complex structures J is 2-step nilpotent. Actually the vector 
X := W + aW belongs to the center of Tf)i and also JX G ^(Tfii). Since Oi(J) = 
span{X,JX} =3(T[)i) and C(T[)i) =3(Tf)i), we conclude that a2(J) = T[)i. 

After [Mg] in the set of non abelian complex structures, one has the following non 
equivalent complex structures (the extension is such that = —I): 

(12) Jsei = 64 Js62 = -564 + 65 Js63 = 266 S = 0, 1, 

which are totally real, and next 

(13) JyCi = 62 + (1 - 1^)64 + ^ — ^65 J62 = -vei + (1 - y)ei 3^63 = 65 G M - {0} 

V 

which are neither abelian nor totally real. 

Proposition 4.5. The tangent Lie algebra Tf)i admits abelian and nonabelian complex 
structures, which are in every case 2-step nilpotent. 

Remark. The Lie algebra Tf)i is isomorphic to t/6,i in fMg| and to f)4 in [CFU] . 

Next we show a family of tangent Lie algebras which cannot be equipped with a complex 
structure. 
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Proposition 4.6. The Lie algebras Tta and ^ > do not admit complex structures. 

Proof. We shall give the complete proof for the tangent Lie algebra T ta . The proof for 
T r3 ^ can be achieved with a similar reasonning. 

Assume that m is a complex subalgebra of Ttg corresponding to a complex structure 
of Trs. Let [/, F, G m be hnearly independent vectors as in ^ such that m = CU x a 
with a = span{V, W}. 

Let m be a complex subalgebra of T r3 spanned by vectors U, V, as in ([HI) and assume 
that a = span{V, W} is abelian. The Lie bracket relations on m are: 

[V, W] = (64C2 - b2Ci + biC3 - 6304)65 + (64C3 - 6364)66, 
[U,V] = (62 + 63)62 + 6363 + (65 + 66 + 0462 - 0264 + 0463 - 0364)65+ 

+ (66 + 0463 - 0364)66, 
[U, W] = (62 + 63)62 + 6363 + (65 + 66 + 0462 - 0264 + 0463 - 0364)65 + 
+ (66 + 0463 - 0364)66- 

Assume [V, W] = 0, [U, V] = vV and [U, W] = fiW. 
We see that 2^64 = implies either = or 64 = 0. 

If = 0, from [U, V] = one has 62 = = 63 and V has the form V = 64(64+0265+0366). 

We also have /ie4 = 0. If /U = then 62 = = 63 and so U, V, aVaW G span{e4, 65, 66}; 
therefore this set is not linearly independent. Hence fi ^ and 64 = 0. But from 
[V, W] = it must hold 6463 = = 6462 and since 64 7^ one has 62 = = 63 but then 
V, W, aVaW S span{e4, 65, 66} which gives no basis of Tr3 . 

From this contradiction we get that v and so 64 = 0. 

From [V, W] = it may hold 6264 = = 6463. If 64 7^ then 62 = = 63. Moreover if 

^ 1 then 65 = = 66 which derives in the contradiction V = 0. Therefore 1^ = 1 implies 
66 = and so ^ S spon{65} which does not allow a basis of Tr3 . Hence 64 = 0. li v ^ 1 
then 62 = = 63 = 65 = 66 thus 1/ = is a contradiction. Now v = 1 implies 63 = and 
66 = 0462 so that V £ spon{62, 65, 66}. 

From [U, W] = fiW we have that if /i 7^ 1 then 62 = = 63 and in this way 
V,W,aV,aW S spon{62, 65, 66} which cannot build a basis of Tr3. Thus IJ. = 1 and 
so 63 = 0, and therefore the set V, W, aV, aW G span{e2, 65, 66} does not induce a basis of 
Tr3 , implying the non existence of a complex subalgebra m in this case. 

Assume now m = span{U, V, W} is a complex subalgebra such that Ttg = m fim and 
[V, W]=0 [U, V] = vV [U, W] = V + vW for some veC. 

If 7^ 1 it follows that 62 = = 63 which also implies 62 = = 63. Therefore 
V,W,aV,aW G span{ei,e^,e%} and we have no complex structure. 

Hence u = 1. Thus 63 = = 64 = 64 and 63 = 62. From [U, V] = V one gets 66+0462 = 
and from [[/, 1/] = + TV one has 66 — 0462 = 0; therefore 66 = = 0462. Since 04 7^ 
then 62 = but this implies V = 6565 and so V, aV are not linearly independent. Hence 
no complex structure arise in this case. □ 

Proposition 4.7. The following statements are equivalent: 
i) Tr3^A con 6e endowed with a complex structure; 
a) Tr3^A carries an abelian complex structure; 
Hi) A = 0. 

Proof. One proves i) =^ iii) =^ ii) =^ i). It is easy to see ii) =^ iii). 
We will give a general line for the proof. 

Let m denote a complex subalgebra of Ttg spanned by vectors U, V,W as in with 
[V, W]=0. 
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The Lie brackets follow 
[V, W] = (64C2 - 6204)65 + A(64e3 - 6364)66 

[U, V] = 6262 + A6363 + 6565 + A6666 + (0462 - 0264)65 + A(a463 - 0364)66 
[U,W] = 6262 + Ae3e3 + 6565 + Ac6e6 + (0462 - 0264)65 + A(a4C - 3 - a - 804)66 

If the action of U on span{V,W} is of type (1) in ([9]), by solving the corresponding 
system, one gets a basis of (Tr3^A)'^ only if A = 0, with the additional constraints v = = 
fi. Explicitly, the vectors adopt the form 

U = ei + 0262 + 0363 + 0464 + 0565 + 06^6, 

(14) V" = 6363 + 6464 - 026465 + 6666, 14^ = 6363 + 6464-026465 + 6666 

whenever U,V,W, all, aV, aW is a basis of (Tr3_o)'^- It follows at once that the induced 
complex structure on Tr3^o is abelian. 

If the action of U on span{V,W} ~ C'^ is of type (2) in 1^, then we cannot find a 
complex structure for any value of A. This argument shows i) =^ iii). 

For ii) =^ iii) one works out the equations deriving from [V, W] = = [U,V] = [U, W] 
to obtain that a solution exists only for A = 0. In this case, one gets the vectors U, V, W 
above (jl4p . For instance the following J gives rise to a abelian complex structure on Tr3^o- 

(15) Jei = 62 Je3 = -66 Je4 = 65. 

To prove iii) =^ ii) one must solve the equation [V, W] =0, [U,V] = uV and [[/, W] = fiW 
for A = 0. It is possible to see that the only way to get solutions is for = = 0, finishing 
the proof. □ 

4.2. Complex structures on cotangent Lie algebras of dimension six. Recall the 
Lie group counterpart of the cotangent Lie algebra. The zero section in the cotangent 
bundle T*H of a Lie group can be identified with H, as well as the fibre over (e, 0) 
with [)*. As a Lie group, the cotangent bundle of H is the semidirect product of H with 
\)* via the coadjoint representation. The tangent space of T*H at the identity is naturally 
identified with the cotangent Lie algebra T* f) := f) Xcoad f)*, the semidirect product of f} 
and its dual fj* via the coadjoint action. 



Proposition 4.8. Let \) he a solvable real Lie algebra of dimension three and let T* f) 
denote the cotangent Lie algebra spanned by 61, 62, 63, 64, 65, 66. The non zero Lie brackets 
are listed below: 





[ei, 


62] 


= 63, [61, 66] = -65, [62, 66] = 64 








T*r3 : 


[ei, 


62] 


= 62, [61,63] = 62 + 63, 










[ei: 


65] 


= -65 - 66, [61, 66] = -66, [62, 65] = 


64, 


[63,65] = 64, 


[63,66] = 64 


T*r3,A : 


[ei: 


62] 


= 62, [61,63] = A63 








|A|<1 


[ei: 


65] 


= -65, [ei, 66] = -A66, [62, 65] = 64, 


[63, 


66] = A64 






[ei, 


62] 


= ??e2 - 63, [61,63] = 62 +??63, [61,65 


] = 


-??65 - 66, 




> 


[ei: 


ee] 


= 65 - r/66, [62, 65] = 7/64, [62, 66] = " 


-64: 


[63,65] = 64. 


- [63,66] = 7764 



Theorem 4.9. Let [} denote a three dimensional solvable real Lie algebra, ifT* f) admits a 
complex structure then f) is isomorphic to one of the following Lie algebras: fji, R x aff(]R), 
t3,i, tr3 _i, x'^^^ for any ?? > 0. 

The following propositions gives the proof of the theorem above. 
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Lemma 4.10. Let f) denote a solvable real Lie algebra of dimension three. If m is a 
complex subalgebra of T* I) such that there exist V,W G m satisfying [V, W] = W then 
W = 0. 

Proof. Assume m is a complex subalgebra of T* t) with V,W G m. satisfying [V, W] = W. 
From the Lie bracket relations in ()4.8p one has W = 0464 which implies W = 0. □ 

Corollary 4.11. Let f) denote a solvable real Lie algebra of dimension three. If (T* f))^ 
splits as a direct sum (T* f))*^ = m © am, where m is a complex subalgebra and a is the 
conjugation with respect to T* f), then m ~ C x C^. 

For the existence problem of complex structures it remains the study of complex sub- 
algebras m such that m ~ C K C2, we do below. 

Proposition 4.12. Every complex structure on the Lie algebra T* [)i is three step nilpo- 
tent. 

Proof. In ()2.1I) we proved that T* f)i cannot admit an abelian complex structure. For the 
sake of completeness we shall see first that T* l}i has a complex structure. Since T* i}i is 
nilpotent, if it admits a complex structure, then the corresponding complex subalgebra m 
must be nilpotent, hence m = span{U, V, W} with [V, W] = 0, the action of U of type (2) 
in (HD so that [U, V] = and [U, W] = V . Explicitly 

- [y, Vl^] = imphes b2CQ — bQC2 = 0, 

- [U, V] = and [U, W] = V imply the following systems of equations: 

62 = 0, -C6 = 65, 
02^6 - 0562 = 0, C2 = 63, 

«2C6 - aQC2 = 64, ^6 = 0. 

Since these systems have solutions, complex subalgebras of (T* spanned by U, V, W 
of the form 

U = ei + 0262 + 0363 + 0464 + 0565 + qqCq, 
V = 0263 + {a2CQ - aQC2)ei - cqc^, W = 0262 + 0363 + 0464 + 0565 + cgee 

induce complex structures if and only if the vectors U, V, W, aU, aV, aW span a basis of 
(T*[)if. 

After |Mg| there is only one class of complex structures, therefore anyone is equivalent 
to the complex structure J given by 

(16) Jei = 64 Je2 = 66 Jes = 63. 

For this complex structure, notice that ao(J) = {0}, Oi(J) = spanjesjCs}, a2(J) = 
spanjei, 63, 64, 65}, a3(J) = Q. Hence from lemma (j2.3p we conclude that any complex 
structure on T* f)i is nilpotent. 

However notice that there are complex structures which are not totally real, for instance 
the next one 

(17) Jei = 62-64 Je2 = 66 Jes = 63 + 64. 

□ 

Remark. This Lie algebra is isomorphic to ^6,3 in [Mgj and to f)7 in |CFUj . 
Proposition 4.13. The Lie algebra T* ts cannot be endowed with a complex structure. 
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Proof. Assume m is a complex subalgebra of (T* ts)*^ spanned by vectors U, V, as in (|8|) 
and such that [V, W] = 0. Assume U acts on a = span{V, W}. 

Case 1). We assume the action of U on is of type (1) in ([9]), then if [U,V] = uV and 
[f7, W] = fiW we have that U = 61+0262 + 0363 + 0464 + 0565 + 0666, V = 6262 + ^464 + ^6661 
W = C262 + C464 + 6666- It is not difficult to verify that U, V, W, all, aV, aW cannot be a 
basis of (T* x^f. 

Case 2) Suppose that the action of U on = span{V,W} is of type (2). From the 
constraint [U, V] = uV and [U, W] = V + uW, we get that there is no possibility of 
choosing {U,V,W,aU,aV,aW} as a linearly independent set in (T*r3)^, hence there is 
no complex structure associated to such m. □ 

Proposition 4.14. If the Lie algebra T* x^^^x admits a complex structure then A = 0, 1, —1. 

Proof. Let m be a complex subalgebra of (T* x^^x)"^ spanned by the vectors U, V, W as in 
([8|) and such that [V, W] = 0. The following constraint must be satisfied: 

62C5 - 65C2 + (63C6 - b6C3)X = 0. 

The Lie brackets on T* r3^A follow 

[U, V] = 6262 + A6363 + [0265 - a^h + A(o366 - a663)]e4 - 6565 - A6666 

[U, W] = C262 + Ae363 + [02C5 - O5C2 + A(03C6 - 06C3)]64 - C565 - Ae666 

[V, W] = [62C5 - 6562 + A(63e6 - 66C3)]e4 

Case 1) Assume the action of U on = span{V,W} is of type (1) in Q. The condi- 
tions [U, V] = vV and [[/, W] = shows that a subalgebra m exists if A G {0, 1, —1}. 
Moreover, such an m is spanned by U, V, W as given in the following table: 



A = 


U = ei+ O262 + O363 + O464 + O565 + 0666, 

y = 6363 + 6464 + ^666, W = -026564 + 6565 or 
U, V as above and W = 6262 — 05C264 


A = 1 


U = ei + 0262 + 0363 + 0464 + 0565 + O666, 

V = 6262 + 6363 - (0562 + 0663)64, 

VF = -§(0263 -0362)+ C565- ^66 with 63/0 or 
U as above and 

V = -(0265 + 0366)64 + 6565 + 6666, 

W = C262 - ^63 - 2^(0566 - 0665) with 66 ^ 


A = -1 


U = ei+ 0262 + 0363 + 0464 + 0565 + 0666, 
V = -^62 - |(05C3 - 0665)64 + 6666 

W = 6363 - (02C5 + O6C3) with 65/0 or 
U as above and 

y = 6363 - (0265 + 0663)64 + 6565, 

VF = 6262 -§(0365-0563)64-^66 with 63/0 



In all cases, U,V,W,aU,aV,aW turn out to be a basis of (T*r3^A) • We also observe 
that none of these complex structure is abelian. 
For instance, the linear map on T* r3^o given by 



(18) 



Jei = 65 J62 = —64 J63 = 66 
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and such that = —I defines a totally real complex structure on the cotangent Lie 
algebra T* rs^o, while the J taken as 

(19) Jei = 62 Je4 = 65 J63 = 66 

gives rise to a complex structure which is not totally real. 

For A = — 1 the linear homomorphism such that = —I given by 

(20) Jei = 64 Je2 = 66 Jes = -65 

gives a totally real complex structure on T* rs^-i. While the J satisfying = —I and 

(21) Je3 = -(ei+66) J65 = e3-64 Je6 = -(62 + e4) 

induces a non totally real complex structure on T* ts^-i. 

Now for A = 1 no complex structure on T* rs^i is totally real. For instance 

(22) Jei = 64 Je2 = 63 J65 = 66 
is a complex structure on T* x^^i. 

□ 

Proposition 4.15. The Lie algebra T*r3^ carries a complex structure for any t] >0. 
Proof. The linear isomorphisms J such that = —I given by 

(23) Jei = ±64 J62 = 63 J65 = 66 

define complex structures on T* r3 ^ for any r/ > 0. 

Notice that on T* r3 q one has totally real complex structures ()3.8p , for instance 

(24) Jei = ±64 J62 = 66 J63 = -65. 

□ 

5. Complex structures and related geometric structures 

In these paragraphs we relate complex structures to some geometric structures. We are 
mainly interested on hermitian structures, symplectic and Kahler structures. 

5.1. On Hermitian complex structures. A metric on a Lie algebra 5 is a non degen- 
erate symmetric bilinear map, ( , ) : 5 x g — > M. It is called ad-invariant if 

{[x,y],z) + {y, [x,z]) = for ah x,y e Q. 

Example 5.1. The canonical metric on a cotangent Lie algebra T* I) is defined by 

((x, if), (x', if')) = ip'{x) + v?(x') for all x, x' G f), ip, (/?'£[)*. 

It is neutral and ad-invariant. 

A subspace ro C (g,(, )) is called isotropic if (x,y) = for all x,?/ € ro, that is, if 
tr C tr^, where 

rD-*" = {y G g such that (x, y) = for all x G tv}, 
furthermore to is called totally isotropic whenever tv = ID"*". 

Example 5.2. On T* f) equipped with its canonical metric, both subspaces f) and [)* are 
totally isotropic. 
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Let (0, ( , )) denote a real Lie algebra equipped with a metric. An (almost) complex 
structure J on g is called Hermitian if 

(25) {Jx, Jy) = {x, y) for all x, y G g. 

If the metric is positive definite a Hermitian complex structure is also called a orthogonal 
complex structure. 

Notice that if J is Hermitian, then (x, Jx) = for all x G g. The non degeneracity 
property of ( , ) says that there is y € g such that (x, y) 7^ 0. Therefore the subspace 
tr = span{x, Jx, y, Jy} C g is non degenerate and J-invariant. Furthermore 

g = tt) e If 

is a orthogonal direct sum of J-invariant non degenerate subspaces of g. A similar argu- 
ment can be done in the proof of the following lemma. 

Lemma 5.3. Let g denote a real Lie algebra endowed with a metric { , ) and let J be an 
almost complex structure on g. Assume Xs is a totally real and totally isotropic subspace 
on g, then 

i) Q admits a decomposition into a direct sum of totally real and totally isotropic vector 
subspaces 

g = e Jd; 

ii) Q splits into a orthogonal direct sum 

g = ttJi e tr2 e . . . e tt)„ 

of J-invariant non degenerate subspaces Wi, . . . , tt)„, where dimtUj = (mod 4)- 

Corollary 5.4. Let i) denote a real Lie algebra, and let {, ) denote a metric on i) for 
which [) is totally isotropic and assume J is a totally real almost complex structure on 
T^f). Then the dimension of \] is even. 

Definition 5.5. A generalized complex structure on a Lie algebra f) is a Hermitian complex 
structure on (T* f), ( , )) where ( , ) denotes the canonical metric on T* f). 

A Hermitian complex structure J on T* f) which leaves f} invariant is called a generalized 
complex structure of complex type and it corresponds to a complex structure on f). A 
Hermitian complex structure J on T* f) which is totally real, that is J\) = [)*, is said a 
generalized complex structure of symplectic type. It corresponds to a symplectic structure 
on \). 

Assume f} is a Lie algebra which is equipped with an ad-invariant metric ( , ). In this case 
it can easily be shown that the adjoint and the coadjoint representations are equivalent. 
In fact if ^ : f) ^ [)* is the linear isomorphism given by x — > ^{x) such that i{x)y = (x, y), 
it is straighforward to verify that coad(x)£ = ad(x) for all x G t). 

Results ()3.2p and (|3.5p of previous sections imply that totally real complex structures J 
on T* correspond to non singular derivations of f). Explicitly, a non singular derivation 
d on [} induces the map ^ o d : [) — > f}* giving rise to a complex structure on T* f). 

Consider now the canonical neutral metric ( , ) on T* [) defined by 

{{x,iy),{x',iy>)) = {x,y') + {x',y). 

Since f) and f)* are isotropic subspaces for ( , ), a complex structure J such that Jf) = fj* 
is Hermitian if and only if 

(26) (y, Jx) = -(x, Jy) fovx,y£l). 
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Now, since J is associated to a non singular map j : — > the latter corresponding to 
a non singular derivation (i of P), we have the linear isomorphism i : f) — > f)* equals 

(27) j = tod, 
thus both ([25]) and ^ imply 

{x,dy) = —{dx,y) for all x,y G f) 

this means that the Hermitian complex structures on T* [), such that Jt) = I)* correspond 
to non singular skew symmetric derivations of (f), ( , )). 
The previous explanations and |Ja] derive the following. 

Corollary 5.6. Let f) denote an even dimensional Lie algebra endowed with an ad- 
invariant metric ( , ) . The following statements are equivalent 

i) t) admits a generalized complex structure of symplectic type; 

ii) \] admits a symplectic structure; 

Hi) \] admits a non singular derivation which is skew symmetric for ( , ). 
Furthermore if any of these structures exists then f) is nilpotent. 

5.2. Complex structures and symplectic structures. A symplectic structure on a 
even dimensional Lie algebra g is a 2- form a; € A^(0*) such that u) has maximal rank, i.e., 

/^id'-^Su; / and it is closed: 

(28) uj{[x,y],z) +uj{[y,z\,x) +uj{z,[x,y]) ={) for all x, y, z G g. 

Let (T^ f) = f) K y, w) denote a semidirect product equipped with a symplectic structure. 
Following |CLP| we say that f) is lagrangian, if both f) and V are lagrangian subspaces 
relative to uj. We also say that oj is lagrangian symplectic. 

Let f) denote a generalized tangent Lie algebra, then its dual Lie algebra is the 
semidirect product Tt^* f) := f) Xtt* F*, where vr* is the dual representation 

{TT*{x)a){u) := -a(7r(x)(n)) x e i),a e V* ,u e V. 

Note that the cotangent Lie algebra T* i) is the dual of the tangent Lie algebra T f). 

Suppose T-i^i) = \r} iKt^V is a Lie algebra equipped with a totally real complex structure 
J (that is Jf) = y). This enables us to define on T^* f) := x^* a two- form ujj by 

ujj{x + u,y + v) := v{Jx) — u{Jy), where x, y are in [) and u, v are in ( Jf) = V)*. 

Then uj is non-degenerate and symplectic since J is integrable (see |BD| or |CLP] for 
instance). Furthermore the converse is also true, lagrangian symplectic structures on Tt^ f) 
give rise to totally real complex structures on T^^* f). Therefore 

Theorem 5.7. Totally real complex structures on T^ f) = {) y are in correspondence 
to lagrangian symplectic structures on T.^* f). 

Corollary 5.8. i) Let T* I) denote a cotangent Lie algebra. If it admits a lagrangian 
symplectic structure then i) is nilpotent. 

a) The tangent Lie algebra Tl) admits a lagrangian symplectic structure for any f) 
isomorphic to ta^-i, r3 q or M x aff(M). 

If is a Lie algebra which carries a symplectic structure and a complex structure, one 
searches for a compatible pair {to, J), called a Kahler structure, 

(29) ui{Jx, Jy) = LL!{x,y) forallx,yG0. 
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Let tp G Aut{Q) denote a automorphism of g, since A^V*"^ = tp*^^^^ and ip*du) = d{ip*uj), 
one has that the existence of a compatible symplectic for a fixed complex structure J is 
equivalent to the existence of a compatible symplectic structure for every complex structure 
in the orbit of J under the action of Aut^g). 

In fact if J is compatible with m and J' = ip~^Jip then m' = il)*uj is compatible with J': 

oj'{J'x, J'y) = Lo' {ip~^ Jipx, 'ip'^Jipy) = uj{J\px, Jtpy) = oj{ipx, ipy) = uj'{x, y). 

Lemma 5.9. Let uo denote a two form on g which is compatible with the complex structure 
J. Let ijj € Aut{Q) be a automorphism such that J' = 'ip~'^jTp, then iIj*uj is compatible with 
J'. 

A Kdhler Lie algebra is a triple (g, J, w) consisting of a Lie algebra equipped with a 
Kahler structure. The Kahler pair {J,uj) origines a Hermitian structure on g by defining 
a metric g as 

(30) g{x,y) = uj{Jx,y) forallx,yGg. 
This kind of Hermitian structures satisfies the parallel condition 

VJ = 

where V denotes the Levi Civita connection for g. The pair (J, g) is called a pseudo-Kdhler 
metric on g. 

Remark. A Lie algebra f) equipped with an ad-invariant metric ( , ) cannot carry a complex 
structure J which is Hermitian and parallel with respect to the Levi Civita connection 
of ( , ) (see |ABOj ). However f) can admit a pseudo Kahler metric if one relaxes the 
assumption on the metric to be ad-invariant (see ()5.12p ). 

It is our aim to investigate the existence of pseudo Kahler metrics on the Lie algebras 
T f) and T* [) where f) denotes a three dimensional real Lie algebra. 

We denote by e*-' '' the exterior product e* A e-' A . . ., being e^, . . . , the dual basis of 
ei, ... ,66. 

Lemma 5.10. The following Lie algebras do not carry a symplectic structure: 

i) T*r3,A for any A. 

a) T* r3 ,^ for any t] > 0. 

Proof. The proof follows along the following lines. Let aij € M be arbitrary constants and 
define the generic 2-form on T* f) 

(31) e = ^aije'^ i = l,...,5. 

If one requires 6 to be closed, the condition d9 = generates a system depending on 
the parameters aij. 

We examplify here one case. The Maurer-Cartan equations on T* x^^x are given by 
de^ = de^ = e^^ ^g3 ^ ;^gi3 

de^ = e25 + Ae36 de^ = -e^^ de^ = -Xe^^ 

By the expansion of this expression making use of de^^ = de* A e-' — e* A de^ one gets 
conditions on the parameters aij. For instance in the case of the Lie algebras considered 
in i), one obtains that ay = for all j = 1, . . . , 6, therefore a closed 2-form 9 belongs to 
A^d* being t) = span{ei, . . . ,65}, in this implies that 6 cannot be symplectic. 

A similar reasonning applies on T* r3 . □ 
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On T f)i if a two form 9 as in ()3ip is closed, the constrains may satisfy 



(32) = ase = a46 = "56 = 034 + aie = 035 + a26- 

The compatibility condition with the abelian complex structure J given by Jei = 62 
Jea = — 66 Je4 = 65 (fTT]) implies 

(33) a34 = ase 035 = -a46- 



Now (j32p and (j33p amounts to ajg = for 1=1,2,3,4,5, therefore a closed two form cannot 
be symplectic. According to results in |Mg| any abelian complex structure is equivalent to 
the previous one. Following a similar argument but now searching for the compatibility 
condition between 6 and the totally real complex structure Jg (fT2]) . with s=0,l, one obtains 
that any such a two form cannot be symplectic. 
Consider now the complex structure J given by 

(34) Jei = 2e4 Je2 = —65 Je^ = cq 

this is totally real and it is compatible with the following closed two forms 

9 = a(e^5 - 2el2) + 5^14 + ^(^24 _ 2^15) + ^^25 ^ ^^^26 ^ ^35) ^ ^g36_ 

For instance the following two forms give rise to Kahler pairs 

(35) uj = e'^^- 2e^2 + ^gSe ^ 

(36) uj = e^^ + u{e^^ - e^^) u ^ 0. 
This together with (|5.9p prove the next result. 

Lemma 5.11. The Lie algebra T [)i carries several Kahler structures. However no abelian 
structure admits a compatible Kahler pair. 

Next we see that the cotangent Lie algebra T* f)i possesses several Kahler pairs (J, 9). 
Let 9 denote a closed two form on T* thus 

6* = ^ aijC'^ 034 = = 035 = 045, 036 = "14 + "25- 

i<j 

Consider the complex structure on T* f)i given by Jei = 64 Je2 = cq Je^ = —65 ([16]). 
The compatibility condition between J and the closed two form 9 implies the following 
conditions on the contrains aij: 

"12 = "46 "13 = -"45 "15 = -"34 
"16 = "24 "23 = "56 "25 = -"36 

therefore any two form on g which is compatible with J has the form 

^ = a(el2 + e46) ^ j^^^e'A _ ^25 ^ ^36) ^ ^^^16 ^ ^24) ^ ^(^23 ^ ^56) ^ ^^26 ^ ^^35^ 

Lemma 5.12. The free 2-step nilpotent Lie algebra in three generators T* l)i admits sev- 
eral Kahler structures. 

Lemma 5.13. The tangent Lie algebra T(M x aff(M)) carries several Kahler structures. 

Proof. Let J denote the complex structure on Tr3^o given by Jei = e2, Je^ = —cq, 
Jci = es (lisp . Canonical computations show that this complex structure J is compatible 
with the symplectic forms 

(37) a;„,;3,7 = "e^^ + (3{e^^ - e^^) + ^e^^ (3-/ ^ 

therefore the pairs {J,uJa,i3,-y) amount to Kahler pairs on Tr3^o- ^ 
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In view of explanations before, the proof of the theorem below is straighforward. 

Theorem 5.14. Let t) denote a real Lie algebra of dimension three. 

i) Ift) is solvable and Tf) admits a complex structure then it carries a Kdhler structure. 

ii ) // T* f) carries a Kdhler structure then f) is nilpotent. 

5.3. On the geometry of some pseudo Kahler homogeneous manifolds. The goal 
is the study of some geometric features on the homogeneous manifolds arising in the 
previous paragraphs in Lemmas (|5.11|) (|5.12p and (|5.13|) . 

In particular we shall see that in the nilpotent case there are flat and non flat metrics. 
It was already proved in |FPSj that pseudo-Kahler metrics on nilmanifolds are Ricci flat. 

Let Gi denotes the simply connected Lie group whose Lie algebra is T Its underlying 
differentiable manifold is together with the multiplication 

{xi,X2,X3,X4,X5,xq) ■ {yi,y2,y3,y4,y5,ye) = {xi + yi,X2 + y2, 

X3 + ys + Uxiy2 - X2yi), 

XA + yi+ 2{x2yQ- XQy2), 

X5 + y5 + 2(2^6^1 - xiyQ),XQ + ye). 
The left invariant vector fields at Y = (yi, 2/2) 2/3 1 2/4 1 2/5) ye) ^ Gi are 

d 1 d 1 d d 1 d 1 d d 

did did d 

dx4 2 dxQ ax5 2 dxQ dxQ 

They satisfy the Lie bracket relations of Tt^i. Let e* denote the dual basis of Cj for 
1=1,2,3,4,5,6, and let • denote the symmetric product. The pseudo-Kahler metric for ([35|) 
is 

(38) g^ = 2e^ • + • + ^i{e^ ■ e^ + ■ e^) /i / 
while for (j36p is 

(39) 5^ = 2e^ • + ^e^ • + v{e^ • + • e^) 0. 

Let and V denote the corresponding Levi Civita connections for g^ and g^ respec- 
tively. From the Koszul formula, for X = XiCi one gets 
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Clearly the Lie subgroup Hi of Gi with Lie algebra [)i C TPii is totally geodesic for 5, 
for every v but it is not totally geodesic for g^ for any fi. 
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Let R{X,Y) := [Vx, Vy] — V[x,y] denote the curvature tensor, for V either the Levi 
Civita connection V or V . Notice that V^xy] = ^ ^'^^ ^• 
By computing them one can verify: 

• The pseudo Kahler metrics are non flat. 

• A pseudo Kahlcr metric is flat if = 1. 

Proposition 5.15. The Lie algebra Tf)i carry flat and non flat pseudo Kahler metrics. 

The Lie algebra T* f)i is the free 2-step nilpotent Lie algebra in three generators. Its 
simply connected Lie group G2, lies on with the multiplication given by 

{xi,X2,X3,X4,X5,X6) ■ {yi,y2,y3,y4,y5,y6) = {xi + yi,X2 + y2, 

X3 + ys + Uxm - X2yi), 

X4 + y4+ oi^We - xey2), 

X5 + y5 + 2(3^6^1 - xiye), X6 + ye)- 

The left invariant vector fields at y = (yi, 2/2, ys, y4, 2/5, ye) are 

d 1 d 1 d d 1 d 1 d d 



0x4 0x5 



^ iy2— - -2/1— + — 

2 8x4 2 dx^ ' 



and let e* denote the dual left invariant 1-forms for 1=1,2,3,4,5,6. Consider the metric on 
G given by 

g = 2e'-e' + e''-e^ + 2e^-e^-e'-e'' 
where ■ denotes the symmetric product. In particular 

T* 1)1 = 1)1 e J{)i 

denotes a orthogonal direct sum as vector spaces of totally real subalgebras. 
The corresponding Levi Civita connection is given by 
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One can verify that the Lie subgroup Hi that corresponds to the Lie subalgebra 
spanned by ei, 62, 63, is totally geodesic. 

The corresponding curvature tensor R(X, Y) is given by 

3 1 

R{X, Y)Z = {x2y& - XQy2){-ZQez + -^265)- 

Proposition 5.16. The Lie algebra T* ^1 admits non flat but Ricci flat pseudo Kahler 
metrics. 



The simply connected Lie group with Lie algebra Tta^o is, as a manifold, diffeo- 
morphic to M^. Let (xi, a;2, . . . , , xe) denote an arbitrary element in M^, then the rule 
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2^22/1), + y4, 2:5 + 2/5, 
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multiplication is given by 

{xi,X2,X3,X4,X5,Xq) ■ (2/1,2/2,2/3,2/4,2/5,2/6) = {xi + yi,X2 + e''^y2,X3 + e''67/3 + 

+^{xiy2 

X6 +2/6)- 

The left invariant vector fields at Y = (2/1,2/2,2/3,2/4,2/5,2/6) G G3 are 

d_ 

'dxs 
d 

8x3 ''^ ' 8x4 
and let e* denote the dual 1-forms for 1=1,2,3,4,5,6. 

Consider the metric ( , ) on G for which the vector fields above satisfy the non zero 
relations 

g = a{ei • ei + 62 • 62) + /3(ei • 64 + 62 • 65) + 7(63 • 63 + ee • ee) 
This metric is clearly non definite. 

The complex structure on G is defined as the linear map J : TyG 
J2 = -I and 

Jei=e2 Jes = eg Je4 = 65. 

This gives a complex structure on which is invariant under the action of the Lie 
group G, the action is induced from the multiplication on G. Moreover the complex 
structure is Hermitian for the metric above and it is parallel for the corresponding Levi 
Civita connection V, which on the basis of left invariant vector fields is given by 
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^ TyG such that 
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Let f) denote the involutive distribution spanned by 62,60,65, then it admits a comple- 
mentary orthogonal distribution Jf), therefore TyG = f) © Jf} as orthogonal direct sum. 
At the Lie algebra level, one has the following short exact sequence 



^ f) ^ ^ Jf) ^ 0. 

Notice that f) is a abelian ideal while Jf) is a abelian subalgebra. Moreover, the complex 
structure J is totally real with respect to this decomposition and the representation vr 
deriving from the adjoint action satisfies the conditions of Corollary ()3.3p . 

Let H denote the Lie subgroup corresponding to the distribution f) and JH the Lie 
subgroup corresponding to Ji), which is totally geodesic. In fact, making use of the 
formula for V, one verifies 

"^xY C Jt), VjxJY C Jf), for X, y G f) 

and since (J, 5) is Kahler, VxJY = JV xY and V jxY = - JVjxJY for X,Y e^. 
The curvature tensor R is given by 

R{x,y) = -V[^,y] 

which implies that JH is flat. 
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The Ricci tensor r follows r{X,Y) = 2(xiyi + ^2^2) for X = ^Xjei, Y = YlVi^ii 
therefore G3 is neither flat nor Ricci flat. 
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